Abstract-In the classical scheduling, it is always assumed that for any job, it should be processed. However, in the real world, things may be more flexible and the decision makers can make a higher-level decision, i.e., they can break the constrain by rejecting a job. It's not hard for the readers to find examples in the industrial and commercial fields to justify this breaking. To reject a job, of course, the decision makers should pay a corresponding penalty. In this paper, we considered single-machine scheduling problems under the job rejection constraint. A job was either rejected, in which case a rejection penalty had to be paid, or accepted and processed on the single machine. In this paper, we considered fuzziness in the job scheduling problem, i.e., due-dates of all jobs are fuzzy variables. The objective was to minimize the sum of the maximum earliness of the accepted jobs and the total rejection penalty of the rejected jobs. We found a polynomial-time solution for the problem through finding the Pareto optimal points. Index Terms-Rejected penalty, maximum earliness, Pareto optimal points, fuzzy due-date.
I. INTRODUCTION
The current increasingly competitive global marketplace has challenged the manufacturers to output products with low production cost through least possible utilization of resources, quick enough to deliver to customers on time and minimum congestion in the shop floor. Scheduling, a decision making process which deals with the allocation of limited resources to tasks over time plays an important role in achieving these goals.
In the scheduling problem with job rejection, we have a set of n jobs {J 1 , …, J n } and a single machine. Each job J j has a processing time p j > 0, a release date r j > 0 and a rejection penalty e j > 0. Job J j is either rejected, in which case a rejection penalty e j has to be paid, or accepted and processed (scheduled) on the machine. There are many research have been fund in this area, see [1] - [4] .
In this scheduling research, the problems also related to earliness and tardiness are widely studied in the past decades. The topic is motivated by the Just-In-Time production which emphasizes the notion of earliness as well as tardiness. In a Just-In-Time scheduling environment, jobs that complete either earlier or later than due dates will be punished. Therefore, an ideal schedule is the one in which all jobs complete exactly at their due dates. There are many measures of performance among which the most common one is to minimize the deviation of job completion times around their due dates, see [5] - [10] . However, when formulating scheduling problems with rejection which closely describe and represent the real-world problems, various factors involved in the problems are often only imprecisely or ambiguously known to the analyst. This is particularly true in the real-world situations when human-centered factors are incorporated into the problems. In such situations, it may be more appropriate to consider fuzzy processing time due to man-made factors and fuzzy due-date tolerating a certain amount of delay in the due-date. To be more specific, considering a number of man-made factors that exist in operations and planning and other arrangements is also a part of operations, fuzziness in processing times undeniably exists. Concerning due-date, we can also imagine many situations where `it is desirable in principle to strictly satisfy the due-date, a certain amount of delay may be tolerated with longer delay tends to be lower evaluations', see [11] , [12] .
Under these circumstances, in this paper, on the basis of the agreement index of fuzzy due-date and fuzzy processing time, we formulate a single machine scheduling problem with rejection to minimize the total earliness plus the total rejection cost.
II. PROBLEM DESCRIPTION
The problem considered in this paper can be stated as follows. There are n jobs which have to be processed on a single machine with no preemption. Let J=J 1 , J 2 , . . . , J n be the job set. p j and d j are used to denote the processing time and the due date of job J j , respectively, j=1,2, ..., n. Let α j and β j be the earliness penalty and tardiness penalty per unit time of job J j , respectively, j=1, 2, ..., n. Given a schedule σ for J, let C j (σ) be the completion time of job J j in σ, j=1, 2, ..., n. Then the cost of schedule σ is defined to be , where
The objective is to find a schedule with the minimum cost. We follow the three-field notation to represent the problem by . In particular, we call the deviation of job J j in schedule σ, j=1, 2, ..., n. Then is the total deviation of all jobs in σ.
Comparison with traditional scheduling problem, there are some uncertain factors in the actual scheduling problems. These uncertainty is mainly reflected in two aspects: the one is uncertain processing times, and the other uncertain due-date. In this paper, we consider a single-machine scheduling problem with fuzzy processing time to minimize the total earliness plus the total rejection cost.
In traditional machining operations, the processing time of a job is affected by the proficiency of workers, the operating status of the machine and other factors. And so we know the distribution of time only by experience and historical data. Even in the modern production line, the normal production processing time can be known while the preparation time is often still uncertain. Moreover, machine failures, maintenances and other factors still exist, making the overall machining time be still uncertain.
In addition, the traditional piece will be limited to a definite delivery date. But in the actual contract, the delivery time will be limited to a strict deadline when the time expressed. If this time is exceeded, it will have to pay a breakup fee. Thus, fuzzy variables to describe the due-date is often more appropriate.
In this paper, the processing times are often denoted by triangle fuzzy variables P j (p j 1 , p j 2 , p j 3 ) (see Fig. 1 ), and the due-dates are expressed by trapezoid fuzzy numbers Fig. 2 ). In Fig. 1 , p j 1 and p j 3 are the lower bound and upper bound of the triangle fuzzy variable, respectively. p j 2 is the main value, and u j (x) is the membership. In Fig. 2 , if the job is finished in the due-date time window (d i b , d i c ), then the satisfaction degree of this job is 1, otherwise, the satisfaction degree will be depicted by a linear membership function u i (c), where c is the completion time of jobs. Submit your manuscript electronically for review. III. HOW TO DEAL WITH FUZZY PROCESSING TIME AND PROCESSING DUEDATE
In fuzzy case, fuzzy number (FNs) is often used to indicate processing conditions and some operations of FNs are essential to build a schedule. These operations are addition operation and max operation of two FNs as well as the ranking methods of FNs. Addition operation is often used to calculate the fuzzy completion time, max operation is used to determine the fuzzy beginning time and the ranking method is for the maximum fuzzy completion time, etc. A by a triplet (a 1 , a 2 ,   a 3 ) . Then, as is well-known, the addition of two triangular fuzzy numbers A =(a 1 , a 2 , a 3 ) and B =(b 1 , b 2 , b 3 ) is shown by the following formula: 1 , a 2 +b 2 , a 3 +b 3 ) . (1) The addition is used when calculating the fuzzy completion time of each operation.
Denote a triangular fuzzy number
Furthermore 
Unfortunately however, since the fuzzy number obtained as a result of the ∨(max) operation through the extension principle does not always become a triangular fuzzy number, in this paper, for simplicity, we approximate the ∨(max) operation with the following formula:
Here, although this formula is written with the approximating equal sign ≅ , the varying relationships of the left and right spread of A and B could well result in cases where an equal sign and not just an approximation is established. Such situations are illustrated in Fig. 3 . When A and B are in the positional relationships of (a) and (b), A B B  holds exactly. Although AB  does not become a triangular fuzzy number in case of (c), we use the ∨(max) operation shown above to approximate it as a triangular fuzzy number. Such ∨(max) operation is used when calculating the fuzzy starting time for each operation. The operation is used by Sakawa and Mori [13] and named Sakawa criterion for simplicity. Sakawa criterion has been extensively applied to build a complete scheduling of the fuzzy problem. Lei [14] compared these two criteria extensively. In this problem, fuzzy completion times becomes FNs, since they are calculated as the sum of fuzzy processing times. Hence, when considering to minimize the maximum fuzzy completion time as an objective function, some ranking methods become necessary for ranking the fuzzy completion times.
In this paper, we adopt the following ranking method for
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FNs. In this ranking method, the criterion for dominance is one of the following three in the order given below. A , 1 A , 3 A , 2 A .
IV. ALGORITHM
We know that the scheduling problem 1||E max is a ordinary problem when there is idle time on the machine. Set
, then the scheduling problem 1|nmit|E max can be solved by STST rule, where STST rule means all jobs will be arranged by non decreasing sequence according to s j . In the actual production, the warehouses for all factories have limited capacity. If the orders are finished too fast, the backlog will be happened and then holistic benefit will be infected. Therefore, the decision makers can assign some orders to other producers but need to pay a certain processing fees which is the so-called rejection costs. For the scheduling problem 1|nmit|E max +∑ Step 6: If E max (S′) ≥ E max (S), then shop, print out S and S . Step 1: Set S:=N, S ;
Step 2: Calculate E max (S)=max 
V. CONCLUSION
In this paper, we considered single-machine scheduling problems under the job rejection constraint. A job was either rejected, in which case a rejection penalty had to be paid, or accepted and processed on the single machine. In this paper, we considered fuzziness in the job scheduling problem, i.e., due-dates of all jobs are fuzzy variables. The objective was to minimize the sum of the maximum earliness of the accepted jobs and the total rejection penalty of the rejected jobs. We found a polynomial-time solution for the problem through finding the Pareto optimal points. Learning and Computing, Vol. 5, No. 1, February 2015 This paper presents the state of the art and the research method of the fuzzy scheduling problems, and discusses the fuzzy operation about the processing time and the due-date as well as the fuzzy scheduling system based on rejection. At last, we gives an algorithm to find out the solution of a single machine scheduling problem with rejection to minimize the total earliness plus the total rejection cost under fuzzy processing time and fuzzy due-date constraints.
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Future research plans to extend this model to multiple machines and/or job-shop scheduling problems as this study only discussed a single machine scheduling problem. Moreover, considering the multi-agent single systems to solve the problem using different programming method under different uncertain environments is as well as a future research direction.
